ered by Stiller [17] in connection with such linear ordinary differential equations.
Let f : H → C be a usual elliptic cusp form of weight m + 2 for Γ , and set a ν (γ) = for all γ ∈ Γ is a 1-cocycle which determines an element of the parabolic cohomology H 1 P (Γ, V m ) of Γ with coefficients in V m , where V m is the mth symmetric power of V = C 2 whose Γ -action is induced by the standard representation of SL(2, R) on C 2 . It is well known that the map f → Φ f induces the Eichler-Shimura isomorphism of the form
where S m+2 (Γ ) is the space of cusp forms of weight m+2 for Γ (cf. [3] , [15] ). On the other hand, if f is a twisted cusp form of weight m + 2 associated to Γ , ω and χ, then, by using the integrals
for ν = 0, 1, . . . , m, we obtain a 1-cocycle in H 1 P (Γ, V m χ ), where V m χ has the same underlying space as V m but its Γ -action is induced by the composition of χ and the standard representation of SL(2, R) on C 2 .
In this paper we obtain the analogue of the Eichler-Shimura isomorphism for twisted modular forms. We describe the isomorphism as a Hodge structure on the parabolic cohomology H 1 P (Γ, V m χ ) using the methods of Bayer-Neukirch [1] and Zucker [18] .
Twisted modular forms.
Let H be the Poincaré upper half plane on which SL(2, R) acts by linear fractional transformations, and let Γ ⊂ SL(2, R) be a Fuchsian group of the first kind. Let χ : Γ → SL(2, R) be a homomorphism, and let ω : H → H be a holomorphic map that is equivariant with χ, which means that
for all γ ∈ Γ and z ∈ H. We assume that χ(Γ ) is a Fuchsian group of the first kind and that the inverse image of a parabolic subgroup of Γ = χ(Γ ) under χ is a parabolic subgroup of Γ so that the Γ -cusps and Γ -cusps
Definition 2.1. Let k be a nonnegative integer. A holomorphic function f : H → C is said to be a twisted modular form of weight k for Γ associated to ω and χ if f satisfies the following conditions:
The function f is said to be a twisted cusp form of weight k for Γ associated to ω and χ if (ii) is replaced with
We shall denote by S k (Γ, ω, χ) the space of twisted cusp forms of weight k for Γ associated to ω and χ.
Remark 2.2. If the condition (i) in Definition 2.1 is replaced with
then the given holomorphic function f is said to be a mixed automorphic form of type (m, k) associated to Γ , ω and χ (see [11] ). Thus a twisted modular form of weight k can be regarded as a mixed automorphic form of type (0, k). Certain types of mixed automorphic forms arise naturally as holomorphic forms of the highest degree on some families of abelian varieties. For example, a mixed automorphic form of type (2, k) can be identified with holomorphic forms of degree k + 1 on the fiber product of k copies of an elliptic surface. Various aspects of mixed automorphic forms have been investigated recently (see e.g. [8] , [10] - [14] ).
Example 2.3. Let Γ be a Fuchsian group of the first kind, and let K(X) be the function field of the smooth complex algebraic curve X = Γ \H ∪ {cusps}. Consider a second order linear differential equation
for x ∈ X and P (x), Q(x) ∈ K(X) with regular singular points, whose singular points are contained in Γ \{cusps} ⊂ X. Let We set ω(z) = ω 1 (z)/ω 2 (z) for all z ∈ H, and denote by χ : Γ → SL(2, R) the monodromy representation of Γ for the second order equation
is a twisted modular form of weight m + 2 for Γ associated to ω and χ (see [17, p. 32 ] for details).
Sheaves on Riemann surfaces. Let χ : Γ → SL(2, R) and ω :
H → H be as in Section 2 satisfying ω(γz) = χ(γ)ω(z) for all γ ∈ Γ and z ∈ H. We set Γ = χ(Γ ), and denote by Σ and Σ the sets of Γ -cusps and Γ -cusps, respectively. Thus we can consider the associated Riemann surfaces
where X and X are compact, and there are natural inclusion maps
The natural action of SL(2, R) on C 2 induces a representation of Γ on C 2 . Let V be the complex vector space C 2 regarded as a representation space of Γ , and for a nonnegative integer m let V m be the mth symmetric power of V . Let O H be the sheaf of holomorphic functions on H, and set
where V m is considered as a constant sheaf on H.
Let E H be the subsheaf of O H (V ) generated by the global section
for all z ∈ H, and hence it follows that E H is Γ -invariant.
Given a positive integer
be the sheaf of holomorphic 1-forms on X 0 , and let Ω 1 (2) (resp. O (2) (V m )) be the sheaf on X whose sections are the sections of η * Ω 1
Then there is a canonical isomorphism
between the space of twisted cusp forms of weight m + 2 for Γ associated to ω and χ, and the space of sections of the sheaf
Proof. As in the proof of Lemma 12.15 of [18] the space of usual modular forms of weight m + 2 for Γ is canonically isomorphic to the space (2) ). Then there is a section f of (Ω 1 ⊗ E m ) (2) such that f = f • ω. Thus we have
for all γ ∈ Γ and z ∈ H; hence f satisfies the transformation formula in Definition 2.1(i) for twisted modular forms of weight m + 2. Since f is a cusp form and since the Γ -cusps and Γ -cusps correspond, f is a twisted cusp form of weight m + 2 for Γ associated to ω and χ.
The complex vector space C 2 possesses not only the Γ -action described above (in which case we wrote V for C 2 ) but also the Γ -action that is obtained by the composition of the homomorphism χ : Γ → SL(2, R) with the natural representation of SL(2, R) on C 2 . We shall use V χ to denote C 2 when it is regarded as the representation space of Γ with respect to this action. For each nonnegative integer k let V k χ denote the kth symmetric power of V χ . Thus Γ acts on V k χ by the composition of χ and the canonical irreducible representation of SL(2, R) on the kth symmetric power of C 2 .
For each Γ -cusp s ∈ Σ we denote by Γ s the parabolic subgroup of Γ fixing s. Then the parabolic cohomology of Γ with coefficients in V m χ is given by Essentially the same proof can be used for general χ as is sketched below. The Leray spectral sequence for η : X 0 → X determines the exact sequence
and the map is the direct sum of the restriction maps
. Thus, using the relations
, we see that s can be regarded as the natural map
Therefore we obtain the desired isomorphism from this and the above exact sequence.
Hodge structures. Given a nonnegative integer
be as in Section 3. Since the map ω : H → H is equivariant with respect to the homomorphism χ : Γ → SL(2, R) and
Then F k H is also Γ -invariant, and we obtain a Γ -invariant filtration 
Proof. Let V m be as in Section 2, and let V m = Γ \H × V m be the associated locally constant system on X 0 . If η : X 0 → X is the natural inclusion map as before, then by [18, Theorem 4.8] 
where Ω • (2) (V m ) is the complex of sheaves on X whose sections are the sections of the complex η * (Ω • X 0 )(V m ) that are square-integrable near the Γ -cusps. Now the proposition follows by pulling back the sheaves η * V m and Ω • (2) (V m ) via the map ω X 0 : X 0 → X 0 induced by ω : H → H. Let O X and O X be the sheaf of holomorphic functions on X and X , respectively, and let Ω 1 X (log Σ ) be the sheaf of meromorphic 1-forms on X that are holomorphic on X 0 and have a pole of order at most one at the Γ -cusps. Then the map 
) (2) for each k and r. Then the filtration
Proof. As in the proof of Proposition 4.1, by pulling back the complexes in [18, Proposition 9 .1] via ω X : X → X , we see that the inclusion
, that is, it induces an isomorphism on the respective cohomology sheaves. Thus the proposition follows from the lemma given in [5, p. 447] .
Proof. This follows by pulling back each complex Gr 
can be shown to possess a structure of a polarized variation of Hodge structure of weight m using the construction of such a structure when χ is the identity described in [18, §12] . Thus by [18, Theorem 11.6] , there is a Hodge structure of weight m + 1 on 
by Proposition 3.2, it suffices to prove that H m+1,0 is isomorphic to S m+2 (Γ, ω, χ). Since the Hodge filtration
). However, we have Here ω * (Ω 1 ⊗ E m ) (2) is the extension of ω * (Ω 1 ⊗ E m ) in ω * Ω • (V m χ ) (2) . Thus, using Proposition 3.1, we obtain Remark 4.5. When m = 1 in Theorem 4.4, the Hodge structures of the parabolic cohomology H 1 P (Γ, V χ ) associated to elliptic surfaces were studied in [2] and [4] . In particular, given Γ , ω and χ determined by an elliptic surface, the dimension of the (1, 1)-component in the Hodge decomposition of H 1 P (Γ, V χ ) was given in [2, Proposition 3 .20] by a formula that depends on the types of singular fibers contained in the given elliptic surface. In our case, however, because of the assumption that the inverse image of the parabolic subgroups of Γ are parabolic subgroups of Γ the only singular fibers involved are of type I b in the sense of Kodaira (see [8, p. 56 ], [9] ), assuming that Γ , ω and χ come from an elliptic surface. Thus Theorem 4.4 above, in particular, implies that the (1, 1)-component of H 1 P (Γ, V χ ) is zero if the associated elliptic surface has singular fibers of type I b only.
